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Abstract
We show that the diagonal light-like solution with 16 supersymmetries in eleven-
dimensional supergravity derived in our previous paper can be generalised to non-
diagonal solutions preserving the same number of supersymmetries. Although the
metric coefficients of this generalised light-like solution depend on only a single null
coordinate, this class of solutions contains a subclass equivalent to the class of so-
lutions found by Bin Chen that are dependent on the spatial coordinates. Utilising
these solutions, we construct toroidally compactified solutions that smoothly connect
a static compactified region with a dynamically decompactifying region along a null
hypersurface.
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§1. Introduction
In cosmology based on higher-dimensional unified theories, the dynamics of moduli as-
sociated with compactification are of crucial importance in constructing a realistic universe
model as well as in investigating the early evolution of the universe.
This problem is closely related to the stability of vacua. In general, it is often implicitly
assumed that a supersymmetric vacuum is stable. This is generally correct for a super-
symmetric theory without gravity. However, in supergravity, a supersymmetric vacuum can
become unstable with respect to small perturbations if it belongs to a continuous set of
degenerate vacua, that is, if there exist (massless) moduli degrees of freedom. In general,
such instabilities are associated with dynamically increasing supersymmetry breaking, as in
the case of the size-modulus instability for vacua with flux in warped compactifications of
type IIB supergravity.1)–3) Instabilities of this type affect the expansion law of the universe
significantly and often produce naked singularities or a big-rip singularity.1), 2) There can be
other types of instabilities that connect two different supersymmetric vacua and are associ-
ated with topological change of the internal space,4), 5) such as the flop transition6), 7) and the
conifold transition.8)–10) These types of transitions are also associated with supersymmetry
breaking or singularities.
In the treatment of a singularity appearing in our spacetime, the usual approach based
on general relativity offers little insight. It is here that superstring theories and M-theory are
expected to be useful. In fact, recent studies of time-dependent supersymmetric solutions in
string theories and M-theory have cast new light on this problem.11)–25) In particular, various
time-dependent solutions with partial supersymmetry have been found and used to study
the nature of singularities in the context of cosmology. Solutions with partial supersymmetry
are important because they allow us to investigate nonperturbative regions of our spacetime.
In this case, it has been argued that such a singularity can be described perturbatively in
terms of dual matrix theories. It would be interesting to explore this possibility further and
obtain more insight into singularities, instabilities and other aspects of such time-dependent
solutions.
The main purpose of the present paper is to point out that there exists another type
of instability in M-theory, that is, a dynamical instability of extra dimensions described
by an exactly supersymmetric solution. Because supersymmetric solutions in supergravity
always have time-like or null Killing vectors,26)–33) dynamical phenomena can be described
by supersymmetric solutions only when they have null Killing vectors. Recently, we found a
class of such solutions with 16 supersymmetries in M-theory with a non-trivial 4-form flux.16)
These light-like solutions are represented by a diagonal metric whose components depend on
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only a single null coordinate, u. In the present paper, we slightly generalise these solutions to
a class with a non-diagonal metric preserving the spatial-coordinate independence and study
their toroidal compactification. In particular, we explicitly construct the compactification
of supersymmetric regular light-like solutions for which the internal space is static in the
region of the spacetime satisfying u < 0 and dynamically expands as u→∞. We also point
out that solutions of this type can be used to construct a supersymmetric solution that
describes the creation and expansion of a stable compactified region in an asymptotically
decompactifying background.
In this construction of dynamical compactification, it is not essential that the metric be
non-diagonal. However, with this generalisation to non-diagonal solutions, we can investigate
the problem in a quite wide class of solutions with 16 supersymmetries, in spite of the fact
that the metric is independent of the spatial coordinates. In fact, we show that through
appropriate coordinate transformations, the apparently more general solutions with spatial-
coordinate dependence found by Bin Chen15) can be mapped to a subclass of our generalised
light-like solutions.
The present paper is organised as follows. In the next section, we show that the diago-
nal solutions we derived previously can be generalised to non-diagonal solutions preserving
16 supersymmetries. Then, we prove that Bin Chen’s solutions can be transformed into a
subclass of our generalised light-like solutions. Furthermore, we illustrate this point explic-
itly for the Kowalski-Glikman solution34) with 32 supersymmetries. In §3, we study basic
geometrical properties of our solutions. In particular, we determine the common maximal
isometry group of our class of solutions. We also comment on some exceptional solutions
with higher symmetries. With these preparations, we investigate toroidal compactification
of our solutions and construct dynamically decompactifying solutions in §4. Section 5 is
devoted to a summary and discussion.
§2. Light-like solutions in M-theory
2.1. Generalised light-like solutions
The bosonic sector of the D = 11 minimal supergravity consists of a spacetime metric
gMN and a 4-form flux F4. Their field equations are given by
RMN =
1
12
FMP1P2P3FN
P1P2P3 − 1
6
F4 · F4gMN , (2.1a)
dF4 = 0, d ∗F4 + 1
4
F4 ∧ F4 = 0. (2.1b)
3
Here and in the following, we define the inner product of two p-forms as
αp · βp = 1
p!
αM1···Mpβ
M1···Mp. (2.2)
Let us consider the spacetime whose metric is given by
ds2 = −2dudv + gij(u)dxidxj . (2.3)
Here, gij(u) is a general non-degenerate matrix depending on only the coordinate u. With
respect to the null frame,
θ− = −du, θ+ = dv, θI = θIi (u)dxi, (2.4a)
e− = −∂u, e+ = ∂v, eI = eiI(u)∂i, (2.4b)
where θIi e
i
J = δ
I
J , the non-vanishing components of the Riemann curvature tensor are given
by
R−i−j =
(
−1
2
g¨ +
1
4
g˙g−1g˙
)
ij
. (2.5)
Throughout this paper, a dot represents differentiation with respect to u.
From the above, it follows that the components of the Ricci tensor other than R−− vanish.
Hence, from the Einstein equations, we obtain
0 ≡ R++ = 1
12
F+ijkF+
ijk, (2.6a)
0 ≡ R+− = 1
6
(
F+−ijF+−
ij +
1
4!
FijklF
ijkl
)
. (2.6b)
These equations are equivalent to
F+−ij = F+ijk = Fijkl = 0. (2.7)
Under these conditions, F4 · F4 vanishes, and we can easily see that the Einstein equations
reduce to the single equation
R−− ≡ Tr
(
−1
2
g−1g¨ +
1
4
g−1g˙g−1g˙
)
=
1
12
F−ijkF−
ijk. (2.8)
Now, the 4-form flux can be written
F4 =
1
3!
F−ijkθ
− ∧ dxi ∧ dxj ∧ dxk = −du ∧ F−, (2.9)
where
F− =
1
3!
F−ijkdx
i ∧ dxj ∧ dxk. (2.10)
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Hence, the field equation dF4 = 0 yields
∂vF− = 0, dxF− = 0. (2.11)
Because F4∧F4 = 0 in the present case, the remaining field equation for F4 becomes d∗F4 = 0.
For a p-form ωp on X9 ∋ (xi), we have
∗(du ∧ ωp) = (−1)10−pdu ∧ ∗Xωp, (2.12)
where ∗X denotes the Hodge dual on X9 with respect to the metric gijdxidxj . Hence, the
equation d ∗F4 = 0 is equivalent to
dx ∗XF− = 0. (2.13)
Thus, F− should be a v-independent harmonic 3-form on the space X9. In particular, if we
require that the curvature of the spacetime be bounded everywhere, (2.8) is consistent only
when F−ijk is independent of v and x
i. Hereafter, let us assume this. The general regular
solution to (2.1a) and (2.1b) with the metric form (2.3) is then given by a set of functions
of u, which we denote gij(u) and F−ijk(u), satisfying (2.8). This solution reduces to the
solution found in Ref. 16) when gij(u) is diagonal.
2.2. Supersymmetry
In the Killing spinor equation
(∇M + TM )ǫ = 0, (2.14)
with
∇M = ∂M + 1
4
ωabMΓ
ab, (2.15)
and
TM =
1
288
(
ΓM
P1···P4 − 8δP1M Γ ···P4
)
FP1···P4 , (2.16)
the connection coefficients for the metric (2.3) with respect to the null frame (2.4) are given
by
ω++ = ω+− = ω−− = ω+I = 0, (2.17a)
ω−I = hIJθ
J , ωIJ = ΩIJθ
−, (2.17b)
with
hIJ =
1
2
eiIe
j
J g˙ij, ΩIJ = e
i
[J θ˙I]i, (2.18)
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and the matrices TM are expressed as
T− =
1
72
(Γ+Γ− − 3)Γ IJKF−IJK , (2.19a)
T+ = 0, (2.19b)
TI =
1
72
(−ΓIJKLF−JKL + 6Γ JKF−IJK)Γ−, (2.19c)
where Γ± = (Γ 10 ± Γ 0)/√2. Therefore, the Killing spinor equation can be written[
∂− +
1
4
ΩIJΓ
IJ +
1
72
(Γ+Γ− − 3)Γ IJKF−IJK
]
ǫ = 0, (2.20a)
∂+ǫ = 0, (2.20b)
∂Iǫ+
[
−1
2
hIJΓ
J +
1
72
(−F−JKLΓI JKL + 6F−IJKΓ JK)
]
Γ−ǫ = 0. (2.20c)
Here, note that the quantities Γ I···J are constant matrices and that hIJ , ΩIJ and F−IJK are
functions of only u.
Now, let ζ be a constant spinor satisfying
Γ−ζ = 0 (2.21)
and ǫ = ǫ(u) be the solution to the ordinary differential equation
∂uǫ =
(
1
4
ΩIJΓ
IJ − 1
24
Γ IJKF−IJK
)
ǫ (2.22)
with the initial condition ǫ(u0) = ζ . Then, from the relations Γ
−ǫ(u0) = 0 and
∂uΓ
−ǫ =
(
1
4
ΩIJΓ
IJ +
1
24
Γ IJKF−IJK
)
Γ−ǫ, (2.23)
if follows that Γ−ǫ = 0 holds for any value of u. This implies that ǫ = ǫ(u) is a solution
to the above Killing spinor equation for any constant spinor ζ . Therefore, our generalised
light-like solution always has at least 16 supersymmetries.
2.3. Relation to Bin Chen’s solution
Recently, Bin Chen found a class of solutions with 16 supersymmetries in M-theory by
generalising the plane wave solution.15) In an appropriate gauge, his solution takes the form
ds2 = −2dudv¯ + C(y, y)du2 + E(y, dy)du+D(dy, dy), (2.24a)
F4 = F−123(u)θ
− ∧ dy1 ∧ dy2 ∧ dy3, (2.24b)
where C and D are quadratic forms, and E is a bilinear form. The metric coefficients
Cij, Dij and Eij are functions of only u. In Bin Chen’s paper, it is further assumed that D
6
is diagonal. The quantity F−123 is determined in terms of these metric coefficients by the
Einstein equations, as in our case.
This family of solutions may appear to be more general than ours or, at least, to contain
a class of solutions that is not included in our class, because the metric (2.24a) allows explicit
dependence on the spatial coordinates. However, this is not the case. On the contrary, we
can show that in fact Bin Chen’s solutions constitute a subclass of our class, at least locally.
To demonstrate the above assertion, let us consider the coordinate transformation
u = u, v = v¯ + A(y, y) + Ly +m, x = By +N, (2.25)
where A is a quadratic form depending on u, B is a matrix function of u, L and N are vector
functions of u, and m is a function of u. In order for the metric (2.24a) to be transformed
into the form (2.3) by this transformation, the following equations must be satisfied:
C = −2A˙+ B˙TgB˙, (2.26a)
0 = −L˙+ B˙TgN˙, (2.26b)
0 = −2m˙+ g(N˙, N˙), (2.26c)
E = −4A+ 2B˙TgB, (2.26d)
0 = −L+BTgN˙, (2.26e)
D = BT gB. (2.26f)
From these, we obtain L, m and A in terms of other quantities:
L = BT gN˙, (2.27a)
m˙ =
1
2
g(N˙, N˙), (2.27b)
A =
1
2
(B˙TgB)s − 1
4
Es. (2.27c)
Inserting these expressions into (2.26), we obtain
(gN˙)
.
= 0, (2.28a)
Ea = −2(BT gB˙)a, (2.28b)
2C − E˙s = −2(BT (gB˙).)s, (2.28c)
D = BTgB, (2.28d)
where the subscripts a and s indicate the anti-symmetric part and symmetric part, respec-
tively, of the matrix in question.
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In (2.28), the first and the last relations can be regarded as decoupled equations deter-
mining N and g in terms of the others quantities. Hence, the only non-trivial conditions
following from these are
B˙ = BD−1X, (2.29a)
Xa = −1
2
Ea. (2.29b)
X˙s −XsD−1Xs − 1
2
EaD
−1Xs +
1
2
XsD
−1Ea =
1
2
E˙s − C − 1
4
EaD
−1Ea, (2.29c)
where X is a matrix function of u that is defined by the first equation. The second and
third relations are identical to (2.28b) and(2.28c), after eliminating g using (2.28d). These
equations constitute a set of ordinary differential equations in u for B(u) and Xs(u) and
always have a solution, at least locally, for any given matrix functions C(u), D(u) and
E(u). We do not have to assume that D(u) is diagonal. Further, it is obvious that the
transformation (2.25) yields (2.9) from (2.24b). Thus, we have shown that our class of
solutions is equivalent to a class obtained from Bin Chen’s class by generalising D to a
generic symmetric matrix and F4 to the form (2.9).
Here, note that the metric matrix gij(u) can always be diagonalised through a coordinate
transformation of the form (2.25), and the metric (2.3) can be put into the form (2.24a), if
we ignore the 4-form flux F4. However, it is in general impossible to put F4 of the generic
form (2.9) into the special form (2.24b) assumed by Bin Chen through such a transformation
simultaneously. This implies that our class contains solutions that are not contained in Bin
Chen’s class.
2.4. The Kowalski-Glikman solution
Eleven-dimensional supergravity has exactly four types of solutions with 32 supersym-
metries, among which the locally flat spacetime and the Kowalski-Glikman spacetime34) can
be expressed in light-like forms. Let us illustrate the general argument given in the previous
subsection by considering this Kowalski-Glikman solution, which can be expressed as
ds2 = −2dudv¯ − µ2(4y23 + z26)du2 + dy23 + dz26, (2.30a)
F4 = 6µ du ∧ dy1 ∧ dy2 ∧ dy3, (2.30b)
where (xi) = (y3, z6) and µ is a constant parameter.
For E = 0 and D = I9, in the general argument given in the previous subsection, X
becomes a symmetric matrix and satisfies the equation
X˙ −X2 = −C; C = −µ2
(
4I3 0
0 I6
)
. (2.31)
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This equation has the diagonal solution
Xij = ai tan(aiu)δij; ai = 2µ (1 ≤ i ≤ 3), µ (4 ≤ i ≤ 9). (2.32)
The corresponding expressions for A,B and g are
Aij =
1
2
ai tan(aiu)δij, (2.33a)
Bij =
1
cos(aiu)
δij, (2.33b)
gij = cos
2(aiu)δij. (2.33c)
Thus, we have found that under the coordinate transformation
v = v¯ + µ tan(2µu)y23 +
µ
2
tan(µu)z26, (2.34a)
x =
(
1
cos(2µu)
y3,
1
cos(µu)
z6
)
, (2.34b)
the Kowalski-Glikman solution can be put into the spatial-coordinate-independent form
ds2 = −2dudv +
∑
i
cos2(aiu)(dx
i)2, (2.35a)
F4 = µ cos
3(2µu) du ∧ dx1 ∧ dx2 ∧ dx3. (2.35b)
It is also easy to show that this solution allows 32 Killing spinors. In fact, they are explicitly
given by
ǫ =
(
1 +
1
2
∑
i
xiaie
aiuΓ
123
Γ 123Γ iΓ−
)
exp
{
−µ
2
(1 + Γ−Γ+)Γ 123u
}
ζ, (2.36)
where ζ is an arbitrary constant spinor.
Here, note that the metric in the expression (2.35) is singular at the values of u where
one of cos(aiu) vanishes. As is clear from the argument, these are not real singularities
because (2.30) is not singular there. In fact, from (2.5), the non-vanishing components of
the Riemann curvature are given by R−i−j = a
2
i gij and are finite there. Hence, each regular
region of the expression (2.35) covers only a part of the maximal extension given by the
original expression (2.30).
§3. Geometry of the solution
In this section, we study basic geometrical features of the generalised light-like solution
obtained in the previous section. In particular, we determine the common isometry group of
the solution, i.e., the set of transformations that are isometries of the solution for any choice
of gij(u).
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3.1. Isometry group
The Killing equation for the spacetime (2.3) is given by
∇uξu = ∂uξu = 0, (3.1a)
∇vξv = ∂vξv = 0, (3.1b)
∇uξv +∇vξu = ∂uξv + ∂vξu = 0, (3.1c)
∇uξi +∇iξu = ∂uξi − g˙ikξk + ∂iξu = 0, (3.1d)
∇vξi +∇iξv = ∂vξi + ∂iξv = 0, (3.1e)
∇iξj +∇jξi = ∂iξj + ∂jξi − g˙ijξv = 0. (3.1f)
The first three of these equations imply
ξv = −ξu = κ(x)v + ηv(x), (3.2a)
ξu = −ξv = −κ(x)u+ ηu(x). (3.2b)
From these and (3.1e), we have
ξi = gijζ
j(u, x)− v∂i(uκ− ηu). (3.3)
Substituting this into (3.1d), we obtain
∂u
{
ζ i − vgij∂j(uκ− ηu)
}− gij∂j(vκ+ ηv) = 0, (3.4)
which is equivalent to the following two equations:
{
(ugij)
.
+ gij
}
∂jκ− (gij).∂jηu = 0, (3.5a)
ζ i = ηi(x) +Gij∂jη
v. (3.5b)
Here, Gij is defined by
Gij :=
∫ u
u0
dugij(u), (3.6)
with u0 being a constant. Therefore, the last Killing equation, (3.1f), can be written
(gik∂j + gjk∂i)η
k + (Gki ∂j +G
k
j∂i)∂kη
v
+2v∂i∂j(−uκ+ ηu) + g˙ij(−uκ+ ηu) = 0. (3.7)
In particular, by comparing the term proportional to v, we obtain
∂i∂jκ = 0, ∂i∂jη
u = 0. (3.8)
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To summarise, the general solution to the Killing equation, (3.1a)–(3.1f), can be expressed
as
ξv = vκ+ ηv. (3.9a)
ξu = −uκ+ ηu, (3.9b)
ξi = ηi +Gij∂jη
v + vgij(−uκj + ηuj ), (3.9c)
where κj and η
u
j are constant vectors satisfying
(u2gij)
.
κj − u(gij).ηuj = 0, (3.10)
κ and ηu are u-independent linear functions of xi given by
κ = κix
i + κ0, η
u = ηui x
i + ηu0 (3.11)
and ηk(x) and ηv(x) are u-independent functions of xi satisfying
(gik∂j + gjk∂i)η
k + (Gki ∂j +G
k
j∂i)∂kη
v + g˙ij(−uκ + ηu) = 0. (3.12)
We can easily show that the reduced Killing equations (3.12) and (3.10) are satisfied for
any choice of gij(u) when κ = 0, η
u = 0, ηi = const and ηv is linear in xi. In this case,
the Killing vectors are parameterised in terms of two constant vectors, Ai and Bi, and one
constant scalar, C, as
ξu = 0, (3.13a)
ξv = C +Bix
i, (3.13b)
ξi = Ai +GijBj . (3.13c)
Actually, this is the maximum common set of Killing vectors for all possible choices of
gij(u), as shown in the next subsection. The corresponding isometry group Gm consists of
transformations of the form
u′ = u, (3.14a)
v′ = v +
1
2
Gij(u)bibj + bix
i + c, (3.14b)
x′i = xi + ai +Gij(u)bj, (3.14c)
where a = (ai), b = (bi) and c are constant vectors and a constant corresponding to A
i, Bi and
C in the above expression for the Killing vector, respectively. If we denote this transformation
by g = (a, b, c), the product of two transformations is expressed as
g′g = (a′ + a, b′ + b, c′ + c+ b′ · a). (3.15)
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In particular, the commutator of two transformations is given by
[g′, g] ≡ g′g(g′)−1g−1 = (0, 0, b′ · a− b · a′). (3.16)
Hence, Gm is a nilpotent group, which becomes identical to the Heisenberg group in the case
in which a and b have single components.35), 36)
To be precise, the maximum common isometry group may contain extra discrete trans-
formations. Such discrete elements can be systematically determined by calculating the
normaliser group of the connected component Gm, as was done in Refs. 35) and 36) for
Bianchi models. However, we do not investigate this problem in the present paper.
3.2. Exceptional geometry
In this subsection, we show that the isometry group Gm found in the previous subsection
is really the maximum isometry group for some solutions. We also give some exceptional
solutions which have larger isometry groups.
Here we restrict our consideration to the case of a diagonal metric, for which we have
gij = e
2fi(u)δij , (3.17)
and the matrix G is diagonal:
Gij = F i(u)δij; F i =
∫ u
u0
du e−2fi. (3.18)
In this case, the condition (3.10) can be written
(1− uf˙i)κi = −f˙iηui . (3.19)
If (1−uf˙i)ηui 6= 0, we can write κi/ηui = −f˙i/(1−uf˙i). Since the left-hand side is independent
of u, the u-derivative of the right-hand side should vanish:(
f˙i
1− uf˙i
).
=
f¨i + (f˙i)
2
(1− uf˙i)2
= 0. (3.20)
This implies that efi is at most linear in u. Including the remaining case of vanishing ηui , we
find that there exist the following three cases, up to rescaling of xi by constants:
efi = 1⇒ κi = 0 with arbitrary ηui , (3.21a)
efi = |u− ui| ⇒ ηui = uiκi, (3.21b)
Ki 6= 0⇒ κi = ηui = 0, (3.21c)
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where
Ki := e
−fi(efi)
..
. (3.22)
Here, note that Ki = 0 for the first two cases. Because
R−i−j = −Kigij (3.23)
for the diagonal spatial metric, from (2.5), it follows that the spacetime is flat if Ki = 0 for
all i. In fact, the metric
ds2 = −2dudv +
∑
j
(u− uj)2(dxj)2 (3.24)
is transformed into
ds2 = −2dudv˜ +
∑
j
(dx˜j)2 (3.25)
by the transformation
x˜j = (u− uj)xj , (3.26a)
v˜ = v +
1
2
∑
j
(u− uj)(xj)2. (3.26b)
Therefore, we can assume without loss of generality that either (3.21a) or (3.21c) holds
for each i. Let S1 be the set of indices corresponding to the first case and S2 be that
corresponding to the second case. Then, as shown in Appendix A, the general solution to
the Killing equation is given by
ξu= −κu+ d0 +
∑
i∈S1
dix
i, (3.27a)
ξv= κv + C +
∑
i
Bix
i +
∑
k∈S2
ℓk(x
k)2 −
∑
k,l∈S2
sklωklx
kxl, (3.27b)
ξi=
∑
j∈S1
ωijx
j + Ai +Biu+ div, i ∈ S1 (3.27c)
ξk=
∑
l∈S2
e−fk+flωklx
l + (κu− d0)f˙kxk + Ak +BkF k, k ∈ S2. (3.27d)
Here, κ, d0, di, A
i, Bi and ωij = −ωji are constants, with di = 0 if S2 is not empty and ωkl 6= 0
for k, l ∈ S2 if and only if
2skl := e
fk+fl(f˙k − f˙l) = const ⇔ Kk = Kl. (3.28)
Further, ℓk is a constant related to fk by (A.14a). As shown below, ℓk 6= 0 if and only if
(κ, d0) 6= (0, 0) ⇔ 2KkK¨k − 3(K˙k)2 = 0 ∀k ∈ S2. (3.29)
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Therefore, it is clear that the Killing vectors are exhausted by (3.13) if Ki 6= Kj (i 6= j) and
2KkK¨k − 3(K˙k)2 6= 0 for all possible i, j and k.
Now, we give some explicit examples of exceptional geometries in the diagonal case.
Suppose that for some constants a, b and ℓ, f(u) satisfies{
(au+ b)f˙
}.
e2f = 2l. (3.30)
Then, by differentiating this with respect to u, we obtain
(au+ b)K˙ + 2aK = 0 (3.31)
where
K := e−f (ef)
..
. (3.32)
When K 6≡ 0 and a 6= 0, this equation leads to(
K
K˙
).
= −1
2
⇔ 2KK¨ − 3(K˙)2 = 0. (3.33)
Next for the case in which a = 0 and b 6= 0, K must be constant. Hence, (3.33) is satisfied
in this case as well.
Conversely, suppose that (3.33) is satisfied. Then, if K˙ 6≡ 0, we can easily show that f(u)
satisfies (3.30) by tracing the above argument in the reverse direction. Further, if K = const,
(3.30) holds if a = 0 and b 6= 0. Therefore, (3.30) and (3.33) are equivalent. This proves the
equivalence of ℓk 6= 0 and (3.29).
With the help of the above argument, we can easily find metrics satisfying the condition
(3.29). For notational simplicity, we suppress the index k for the time being.
i) The case of κ = 0, d0 6= 0: In this case, K must be constant. Hence, we have
(ef )
..
= ν2ef , (3.34)
where ν2 is a real constant. The general solution to this equation is
ef = D1 cosh νu+
D2
ν
sinh νu. (3.35)
Here, it is understood that ef for ν = 0 is obtained by taking the limit ν → 0 with D1 and
D2 constant. The corresponding value of ℓ is given by
2ℓ = d0(D
2
2 − ν2D21). (3.36)
Note that the spacetime in this case is regular, even at the values of u where efk vanishes, and
can be extended across the corresponding null surfaces, because R−i−
j = −ν2i δji is regular
and finite there. In fact, the Kowalski-Glikman solution is included in this case.
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ii) The case of κ 6= 0: In this case, from the relation
K˙
K
= − 2κ
κu − d0 , (3
.37)
we obtain
(ef )
..
=
ν2 − 1
4
(u− d0/κ)2 e
f . (3.38)
The general solution to this equation can be written
ef = (u− d0/κ)1/2
[
D1 cosh νu˜+
D2
ν
sinh νu˜
]
, (3.39)
where
u˜ = ln |u− d0/κ|. (3.40)
The corresponding value of ℓ is
ℓ =
κ
2
(ν2D21 −D22). (3.41)
§4. Toroidal compactification
In this section, we consider toroidal compactification of generalised light-like solutions of
the form
ds2 = −2dudv + dy · dy + g(dz, dz)
= −(dx0)2 + dx · dx+ g(dz, dz), (4.1)
where y = (x1, · · · , xm), z = (xm+1, · · · , x9) and x = (x10,y), with u = (x0 − x10)/√2
and v = (x0 + x10)/
√
2. The quantity g(dz, dz) = gpqdz
pdzq is an inner product depending
on u. We regard the z-directions as the extra dimensions and compactify them. Because
gpq depends on u, the size of the compactified extra dimensions changes with u or with
x0 and x10. We show that we can construct a solution describing the compactification-
decompactification transition utilising this feature. We do not specify the 4-form flux at the
beginning, apart from the general constraint (2.9) with F−ijk = F−ijk(u) and the Einstein
equation (2.8) connecting F−ijk and the spacetime metric.
4.1. Abelian discrete isometry group
In order to construct a toroidal compactification of our solution, we have to find an
abelian discrete subgroup Γ of the isometry group Gm. Let
gp = (a, a˜, b, b˜, c)p, p = 1, · · · , 9−m (4.2)
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be a set of elements in Gm that represent the transformations
u′ = u, (4.3a)
v′ = v +
u
2
b2 +
1
2
G(b˜, b˜) + b · y + b˜ · z + c, (4.3b)
y′ = y + ub+ a, (4.3c)
z′ = z +Gb˜+ a˜. (4.3d)
Here, for simplicity, we have set u0 = 0 in the definition of G
ij in (3.6), and G = (Gpq) is
regarded as either a quadratic form or a linear transformation in b˜ space, depending on the
situation.
Then, these transformations commute if and only if we have
bp · aq + b˜p · a˜q = bq · ap + b˜q · a˜p ∀ p, q = 1, · · · , 9−m, (4.4)
from the commutation relation (3.16). In this paper, we only consider the case in which
bp = 0 for simplicity, and we do not require ap to vanish for the reason explained below.
Then, the above condition on the commutativity simplifies to
b˜p · a˜q = b˜q · a˜p ∀ p, q = 1, · · · , 9−m. (4.5)
When b˜p (p = 1, · · · , 9 − m) are linearly independent, this condition can be expressed in
terms of the matrices T = (T pq ) and B = (Bpq) defined by
a˜p = Tp
qb˜q, (4.6)
Bpq = b˜p · b˜q, (4.7)
as
TB = B tT. (4.8)
This is equivalent to the condition that T can be expressed in terms of a symmetric matrix
S as
T = SB−1. (4.9)
For example, when both T and B are diagonal, this condition is satisfied.
When bp = 0 and the commutativity condition is satisfied, a generic element of the
discrete transformation group
Γ :=
{∏
p
gnpp
∣∣∣∣∣ np ∈ Z
}
(4.10)
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can be expressed as ∏
p
gnpp = (a, a˜, 0, b˜, c); (4.11)
a =
∑
p
npap, a˜ =
∑
p
npa˜p, b˜ =
∑
p
npb˜p, (4.12)
c− 1
2
a˜ · b˜ =
∑
p
np
(
cp − 1
2
a˜p · b˜p
)
. (4.13)
In particular, when the vectors (a, b, b˜)p (p = 1, · · · , 9 −m) are linearly independent, Γ is
isomorphic to a (9−m)-dimensional lattice:
Γ ∼= Z9−m. (4.14)
4.2. General behaviour of the solution
Before studying the compactification of the spacetime (4.1) by the lattice group Γ ob-
tained in the previous subsection, we point out one important feature of the generalised
light-like solution. Let us write the symmetric metric matrix g(u) in terms of a diagonal
matrix D(u) and an orthogonal matrix O(u) as
g = OTDO, (4.15)
and define the anti-symmetric matrix Ω by
Ω := O˙OT . (4.16)
Then, the Ricci curvature R−− can be expressed as
R−− = −
∑
p
Kp −
∑
p>q
(Dp −Dq)2
2DpDq
(Ωpq)
2, (4.17)
where Dp (p = 1, · · · , 9−m) are the diagonal entries of D and
Kp := D
−1/2
p (D
1/2
p )
..
. (4.18)
Hence, from the Einstein equation (2.8), we obtain
K :=
∑
p
Kp ≤ 0, (4.19)
where the equality holds only when the 4-form flux vanishes and g is diagonal. This implies
that K < 0 in some region if the 4-form flux does not vanish identically. Then, for
∆ := (det g)
1
2n =
∏
p
D
1
2n
p , n = 9−m, (4.20)
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we obtain
n∆−1∆¨ ≡ K − 1
4
∑
p
(D−1p D˙p)
2 +
1
4n
(∑
p
D−1p D˙p
)2
≤ K ≤ 0, (4.21)
where the last two equalities hold simultaneously only when g is diagonal and (D
1/2
p )
..
= 0,
i.e., when the spacetime is locally flat. Hence, if the spacetime is asymptotically flat in the
limit u → ∞ or u → −∞ and the 4-form flux does not vanish, det g (and hence some Dp)
should vanish at a finite value of u.
4.3. Compactification
For this general feature, we cannot construct a non-trivial regular spacetime through the
simplest compactification such that Γ consists of simple translations in the z-direction, i.e.,
a = b = b˜ = 0, if we require that the size of the extra dimensions approach a constant in
the limit u → ∞ or u → −∞. However, if we consider transformations with a 6= 0 and
b˜ 6= 0, we can construct a regular spacetime that is compactified on one side of a null plane
with constant u. For example, let us consider the solution in which g is represented by the
diagonal matrix gpq = e
2fpδpq satisfying the conditions
efp =
{
αpu+O(u
3) for u ∼ 0,
1 + O(u−2) for u→∞. (4
.22)
Then, Gpq = Fpδpq behaves as
Fp ≈
{
− 1
α2pu
+ e′p for u ∼ 0,
u+ ep for u→∞.
(4.23)
Hence, for u→∞, the transformation g = (a, a˜, 0, b˜) ∈ Γ can be written
u′ = u, (4.24a)
v′ ≈ v + 1
2
b˜ · (u+ e)b˜ + b˜ · z + c, (4.24b)
y′ = y + a, (4.24c)
z′ ≈ z + (u+ e)b˜+ a˜, (4.24d)
where e is the diagonal matrix epδpq. Clearly, the size of the compactified z-space diverges
as u→∞ if b˜ 6= 0.
Next, in the region with u ∼ 0, by the coordinate transformation
v¯ = v +
u
2
(αz)2, (4.25a)
z¯ = uαz, (4.25b)
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where α is the diagonal matrix αpδpq, the spacetime metric can be written
ds2 ≈ −2dudv¯ + dy2 + dz¯2. (4.26)
Thus, the spacetime approaches a Minkowski spacetime as u → 0, as expected from the
discussion in §3.2. We can make it exactly a Minkowski spacetime near u = 0 if necessary.
In this region, g ∈ Γ can be written
u′ = u, (4.27a)
v¯′ = v¯ +
(
b˜ · αe′ + a˜ · α
)
z¯ + c− a˜ · b˜− 1
2
b˜ · e′b˜+O(u) , (4.27b)
y′ = y + a, (4.27c)
z¯′ = z¯ − α−1b˜+O(u) , (4.27d)
where e′ is the diagonal matrix e′pδpq. Here, if we choose the generators of Γ so that they
satisfy
a˜p = −e′b˜p, (4.28a)
cp =
1
2
b˜p · a˜p, (4.28b)
the above transformation of v¯ simplifies to
v¯′ = v¯ +O(u) , (4.29)
from (4.12) and (4.13). These conditions on the generators are consistent with the commu-
tativity condition (4.5).
Compactified
static region
u<0
u>0
Asymptotically  flat
decompactifying region
 u=
0 
   
 N
ul
l h
yp
er
su
rfa
ce  
   
M  4  x T       7
u
F4     0 =
Fig. 1. Extension of a decompactifying solution with m = 2 to a static compactified region across
the null hypersurface u = 0.
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From the above results, we can conclude that the compactification in this region is iden-
tical to the standard toroidal compactification, apart from a tilt of the extra-dimension
direction toward the y-direction in the case a 6= 0. This tilt can be eliminated through a
linear coordinate transformation. Further, in terms of the coordinate system (u, v¯,y, z¯), we
can extend this compactification to the region u < 0, as illustrated in Fig. 1. For example, if
we assume that the 4-flux vanishes and the spacetime is exactly locally flat there, the action
of g ∈ Γ is identical to the simple spatial translation
u′ = u, v¯′ = v¯, y′ = y + a, z¯′ = z¯ − α−1b˜. (4.30)
Hence, the compactified spacetime is exactly the product of the (m+2)-dimensional Minkowski
spacetime and a flat torus T 9−m with constant sizes.
Finally, let us examine the regularity of this compactified spacetime in the region u > 0.
For the above parameter choice, g ∈ Γ can be written
u′ = u, (4.31a)
v′ = v +
1
2
b˜ · Gˆb˜+ b˜ · z, (4.31b)
y′ = y + a, (4.31c)
z′ = z + Gˆb˜, (4.31d)
where
Gˆpq = (Fp − e′p)δpq. (4.32)
Note that this transformation preserves the quantity
v′ − 1
2
z′Gˆ−1z′ = v − 1
2
zGˆ−1z (4.33)
Because each eigenvalue Gˆp of Gˆ tends to −∞ as u → 0 and to ∞ as u → ∞, it has
to vanish at some value of u. On that null hypersurface, Gˆ becomes singular, and the
translations Gˆb˜p in the z-space are not linearly independent. If a = 0, the compactified
spacetime has a pathological singularity on this null hypersurface. For example, suppose
that Gˆ1 = 0 at u = u1 and b˜
q
p = δ
q
p. Then, each point on the subspace z
1 = 0 is a fixed point
of the transformation g with a = b = 0, b˜ = b˜1. By contrast, in the generic case in which
none of b˜p is annihilated by Gˆ, such a fixed point does not exist. However, we can show that
some orbits of Γ have accumulation points. In such cases, the quotient spacetime obtained
through compactification does not have the Hausdorff property.
These pathological singularities can be avoided if the conditions that ap are generic non-
vanishing vectors and different eigenvalues of Gˆ vanish at different values of u are both
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satisfied. In this case, the vectors (ap, b˜p) (p = 1, · · · , 9 − m) span a (9 − m)-dimensional
subspace of the nine-dimensional (y, z)-space for any value of u > 0, and the quotient of each
u = const hypersurface is homeomorphic to Rm+1 × T 9−m. When one of the eigenvalues of
Gˆ vanishes, some single direction in the z-space is decompactified, but simultaneously some
direction in the y-space is compactified. This implies that the direction of the compactified
extra dimensions rotates significantly with u at the point where the matrix Gˆ becomes
singular.
The situation described above is illustrated in Fig. 2. We should first note that the
rank of Gˆ is reduced by at most 1. This implies that if we denote the eigenvalues of Gˆ
by D1(u), · · · , D9−m(u) and the zero point of each Dp(u) by up, then up 6= uq for p 6= q.
Suppose that D1 ∼ k(u − u1) near u = u1. In the vicinity of u = u1, the dimensions
z2, ..., z9−m are toroidally compactified by Gˆb˜2, · · · , Gˆb˜9−m, which are mutually independent
and nonvanishing, while y and z1 are identified by the translation
V : δy = a, δz1 = k(u− u1). (4.34)
If a = 0, this identification would be only for the direction of z1, and the compactification
radius would vanish across u = u1, as shown in Fig. 2(a). This gives a singular space.
However, if a 6= 0, the compactification radius does not vanish even for u = u1, but the
compactification direction rotates in the z1-y space, as shown in Fig. 2(b). At u = u1, the
space decompactifies along the z1 direction but compactifies along the y direction, and in
this way we can avoid the singularity. Hence, the tilt in the compactification direction leads
to a kind of singularity resolution, and a plays the role of a regularisation parameter. It
is interesting that the compactification direction is not always the z1 direction; rather, it
rotates in the direction in which the rank of Gˆ is reduced. Clearly, this rotation occurs
(9−m) times.
y
(a)
z1
(b)
z1
a
Fig. 2. Examples of compactification for (a) a = 0 and (b) a 6= 0. The big arrows indicate the
identification, and the shaded regions represent the corresponding fundamental domains.
Thus, starting from a generic light-like solution with two distinct asymptotically flat
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regions, as in (4.22), we have constructed a compactified solution that smoothly connects
a static region with constant extra dimensions to a dynamical decompactifying region by
a light-like 4-form flux. The decompactifying structure in the limit u → ∞ can be more
clearly seen in terms of the coordinates defined by
v¯ = v − 1
2
zDˆ−1z, z¯ = Dˆ−1z, (4.35)
where Dˆ = u+ e− e′. In this coordinate system, the spacetime metric for u ∼ ∞ becomes
ds2 ≈ −2dudv¯ + dy2 + dz¯ · Dˆ2dz¯, (4.36)
and the transformation g ∈ Γ is written
u′ = u, v¯′ = v¯, y′ = y + a, z¯′ = z¯ + b˜. (4.37)
This represents a standard toroidal compactification in the (y, z¯)-space.
Although we have considered only diagonal solutions here, it is clear from the arguments
given to this point that the above construction can be easily extended to light-like solutions
with a non-diagonal metric. We also point out that the toroidal compactification considered
in the present section preserves 16 supersymmetries of the light-like solution taken as the
starting point. This can be explicitly confirmed as follows. First, under the transformation
Φ given in (4.3), the frame basis θa transforms as
Φ∗θ− = θ−, (4.38a)
Φ∗θ+ = θ+ − 1
2
h2θ− + hIθ
I , (4.38b)
Φ∗θI = θI − hIθ−, (4.38c)
where hI is expressed in terms of (bi) = (b, b˜) as
hI = e
i
I(u)bi. (4.39)
From the general relation
Φ∗θa = Λabθ
b ⇔ SΓ aS−1 = ΛabΓ b, (4.40)
the transformation S of the Killing spinor ǫ is given by
S = exp
(
1
2
hIΓ
IΓ−
)
= 1 +
1
2
hIΓ
IΓ−. (4.41)
It follows that any spinor field satisfying Γ−ǫ = 0 is invariant under any transformation of
Gm. Hence, the 16 supersymmetries of the generalised light-like solution studied in §2.2 are
preserved under the toroidal compactification considered in the present section.
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§5. Summary and discussion
In the present paper, we presented a quite general class of spatial-coordinate independent
light-like solutions with 16 supersymmetries and studied their toroidal compactification. In
particular, starting from a light-like solution which represents the exact Minkowski space-
time in the region u < 0 and approaches a different Minkowski spacetime as u → ∞, we
constructed a toroidally compactified regular solution whose internal space size is constant
for u < 0 and increases without bound as u→∞.
The existence of such a compactification is not a trivial result, because the Einstein equa-
tions require that if the 4-form flux F4 does not vanish, the spatial metric becomes singular
at a finite value of u, and as a result, the standard simple toroidal compactification produces
singularities. In the present paper, we have overcome this difficulty by considering a tilted
toroidal compactification with the help of discrete transformations with boost components.
In this compactification, the direction of the compactified extra dimensions rotates several
times when we traverse the region with F4 6= 0 from one flat region to the other flat region.
In the examples constructed in §4, the region with static internal space occupies a half
infinite region of spacetime bounded by a null hypersurface. Hence, if we put this region into
the region u < 0, the solution can be regarded as a decompactification transition. However,
if we apply the time-reversal operation to this solution, we obtain a solution describing a
compactification transition. In either case, two regions always coexist on a fixed time slice.
Hence, it is difficult to directly relate the solution to cosmology, even if we ignore the static
nature of the base spacetime.
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Fig. 3. A solution representing the creation and expansion of a static compactified region in an
asymptotically decompactifying background.
However, we can construct an interesting solution that may be relevant to cosmology with
the following trick. We start from a compactified solution with a static region in the region
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satisfying u = (x0 − x10)/√2 > 0. We consider the region satisfying x0 ≥ 0 and x10 ≥ 0 of
this solution and refer to it as I. Next, we consider the image of I under the spatial reflection
x10 → −x10 and refer to the corresponding new solution in x0 ≥ 0 and x10 ≤ 0 as II. Then,
by gluing I and II along x10 = 0, we obtain a smooth compactified solution in the region
x0 ≥ 0, because the region u > 0 of I is a standard toroidal compactification of an exactly
flat spacetime (see Fig. 3). In this new solution, the region with a static internal space is
given by x0 > |x10|. Hence, this solution represents the creation of a region with static
internal space and its subsequent expansion at the speed of light. When this solution is
extended to the region x0 < 0, a singularity appears. However, when quantum effects are
taken into account, such a singularity might be avoided, and in that case we would obtain a
solution describing the quantum creation of a stable compactified region. It would be quite
interesting if a similar solution with spherical symmetry could be found in a class with a
time-like Killing spinor.
Finally, we note that the solutions presented in this paper are expected to have a dual
description in the matrix theory, which allows a non-perturbative description of cosmological
singularities.12), 25) Indeed, a preliminary study of the solutions indicates that this is possible.
It would be interesting to further study the dual description of our solutions and try to
understand how the singularity may be tamed and what kind of role the classical singularity
resolution by the tilt in the toroidal compactification plays in the dual matrix theory.
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Appendix A
Exceptional Killing Fields for Diagonal Solutions
In this appendix, we show that the general solution to the Killing equation in the diagonal
generalised light-like spacetime is given by (3.27). We adopt the notation used in §3.2.
Since we are assuming that the case (3.21b) does not occur, we have
κ = const, ηu = d0 +
∑
i∈S1
dix
i. (A.1)
Hence, for i, j ∈ S1, (3.12) can be written
∂iη
j + ∂jη
i + 2(u− u0)∂i∂jηv = 0. (A.2)
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This equation is equivalent to the two equations
∂iη
j + ∂jη
i = 0, (A.3a)
ηv =
∑
i∈S1
ηvi (z)x
i + ηv0(z). (A.3b)
Here and in the following z represents (xi)i∈S2 .
Next, for i ∈ S1, k ∈ S2, (3.12) reads
e−2fk∂kη
i + ∂iη
k +
(
(u− u0)e−2fk + Fk
)
∂i∂kη
v = 0. (A.4)
Differentiation of this equation with respect to u yields
f˙k∂kη
i −
{
1− (u− u0)f˙k
}
∂i∂kη
v = 0. (A.5)
Hence, from Kk 6= 0, we obtain
∂kη
i = 0, ∂k∂iη
v = 0, ∂iη
k = 0. (A.6)
To summarise, for i, j ∈ S1 we have
ηi = ζ i(x); ∂iζ
j + ∂jζ
i = 0, (A.7)
and for k ∈ S2 we have
ηk = ζk(z), ηv =
∑
i∈S1
Bix
i + ηv0(z). (A.8)
Finally, for k1, k2 ∈ S2, (3.12) reads
e2fk1∂k2η
k1 + e2fk2∂k1η
k2 + (e2fk1F k1 + e2fk2F k2)∂k1∂k2η
v
0
−2f˙k1e2fk1δk1 k2
(
κu− d0 −
∑
i∈S1
dix
i
)
= 0. (A.9)
If we introduce ζ˜k (k ∈ S2) as
ζ˜k = ηk + F k∂kη
v
0 − (κu− d0)f˙kxk, (A.10)
this equation is equivalent to di = 0 [because no other term depends on the coordinates
xi(i ∈ S1)] and
∂k2(e
2fk1 ζ˜k1) + ∂k1(e
2fk2 ζ˜k2) = 0, (A.11)
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which is the Killing equation for the Euclidean space. Hence, we obtain
ηk + F k∂kη
v
0 − (uκ− d0)f˙kxk =
∑
l∈S2
efl−fkωkl(u)x
l + a˜k(u), (A.12)
where ωkl = −ωlk. Differentiating both sides of this equation with respect to u, we have
∂kη
v
0 = 2ℓkx
k + 2
∑
l∈S2
Sklx
l + ak, (A.13)
where
2ℓk := e
2fk
[
(κu− d0)f˙k
].
, (A.14a)
2Skl := e
fk+fl
{
ω˙kl − (f˙k − f˙l)ωkl
}
, (A.14b)
ak = e
2fk(a˜k)
.
. (A.14c)
Since ηv0 depends only on z = (x
k)k∈S2, ℓk, Skl and ak must be constant. Further, the
integrability of ∂kη
v
0 requires Skl = Slk. Therefore, we obtain
ω˙kl = 0, (A.15)
Skl = −sklωkl; 2skl := efk+fl(f˙k − f˙l). (A.16)
To summarise, we have
ηk =
∑
l∈S2
(
e−fk+fl + 2sklF
k
)
ωklx
l + ekx
k + Ak, (A.17a)
ηv0 = C +
∑
k∈S2
(
Bkx
k + ℓk(x
k)2
)− ∑
k,l∈S2
sklωklx
kxl, (A.17b)
where
ek = (κu0 − d0)f˙k(u0). (A.18)
Here, since both Skl and ωkl are constant, the relation ωkl 6= 0 holds only when skl = −slk is
constant. Inserting these expressions into (3.9), we obtain the result, (3.27).
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